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1 
The general complementarity problem is the following. 
Supposing that E, F are locally convex Hausdorff spaces, ( ., . ) a 
bilinear form on E x F, Kc E a closed convex cone, K* the dual cone of K 
in F (that is, ( - K)“) and f: E + F a mapping, the complementurity problem 
(C.P.) is then to find a solution of the system: 
xeK,f(x)~K*, (x,f(x))=O. (C.P.) 
If the mapping f is an afhne transformation we have a linear complemen- 
tarity problem. 
Otherwise it is a nonlinear complementarity problem. 
In this paper we will study the nonlinear complementarity problem in 
infinite-dimensional spaces. 
This problem was also studied in [2, 4, 7, 13, 14, 16, 221. 
S. Karamardian in [14] proved the following result. 
THEOREM (Karamardian [ 141). The problem (C.P.) has a solution if: 
(i) the function (x, y) + (x, f(y)) is a continuous function on K x K, 
(ii) there exists a compact conuex set D c K such that (Vx)(x E K/D) 
(32ED)((X--Z,.f(X))>O). 
A generalization of Karamardian’s theorem in the case of monotone 
operators was obtained by M. S. Bazaraa, J. J. Goode and M. Z. Nashed in 
c41. 
The result proved by G. Luna in [16] is more general than the result 
proved by Bazaraa, Goode and Nashed, but it is also proved in the case of 
monotone operators. 
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Using assumption (ii) and a min-max theorem proved by Ky Fan, G. 
Allen [2] obtained a generalization of Karamardian’s theorem for the non- 
monotone case. 
Also an interesting existence theorem for the problem (C.P.) was proved 
by T. Fujimoto in [22]. 
A deep analysis of Karamardian’s theorem proves that assumption (ii) in 
the case of infinite-dimensional space is a strong one, because it implies a 
compact localization of its solution. 
In this paper we will study a special form of the problem (C.P.) (imposed 
by the Elasticity Theory) where f(x) =x - X(x) + T(x), L being a linear 
operator and T a nonlinear operator. 
Using the Galerkin approximation and a generalization of Karamar- 
dian’s hypothesis (which does not use a compact localization) we obtain 
several existence results. 
The complementarity problem studied in this paper contains as a par- 
ticular case the mathematical model used in the study of the post-critical 
equilibrium state of a thin elastic plate subjected to unilateral conditions 
[l&12, 5, 6, 9, 15, 201. 
In the case of homogeneous and isotropic material this model was 
studied by C. Do [lo], A. Cimetiere [9], Ph. Ciarlet and P. Rabier [S], C. 
Kubrusly and J. Odeon [ 151, R. C. Riddel [20] and V. Benci [S, 61. 
Since, in this case, L is a self-adjoint compact operator and certain 
special assumptions are satisfied, it is possible to use in the study of the 
problem (C.P.) a variational method. More precisely, this is the study 
made by A. Cimetiere [9]. 
We remark that, in more general cases, the method used by A. Cimetiere 
in [9] is not utilisable. 
In this paper, we use in the study of the problem (C.P.) some 
assumptions that are more general than those used in the study of A. 
Cimetiere [9] and certainly our work proves two facts: 
(1) the Galerkin approximation permits one to weaken Karamar- 
dian’s condition, 
(2) this generalization of Karamardian’s condition is a good sub- 
stitute, in the nonhomogeneous and anisotropic thin elastic plate, of the 
variational method used by A. Cimetiere in the homogeneous and isotropic 
case. 
2 
Let E be a Hilbert space with respect o the inner product ( ., . ) and let 
Kc E be a closed convex cone [ 193. 
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The symbol K* denotes the dual cone of the cone K, that is, 
K*={y~El(x,y)>0;Vx~K}. 
A Galerkin approximation of the cone K is a countable family of cones 
{KLv satisfying the following properties: 
(1) K,cK; V~EN, 
(2) K, is a closed cone for all n E N, 
(3) K, has a finite rank (that is, dim(K,, - K,) < +co) for all n E N, 
(4) lim,, m [Proj,,(x)] =x; Vx E K (the lim is relative to the strong 
convergence). 
Remark. Practically, if E is a separable Hilbert space, we obtain a 
Galerkin approximation using a Schauder base and the classical Galerkin 
construction, or generally, for an arbitrary Hilbert space, using a dis- 
cretization method (for example, the finite element method). 
An operator f: E+ E is called strongly continuous if, for all sequence 
whv of E, weakly convergent o x*, the sequence {f(~,)},,~,,, has a 
subsequence strongly convergent o f(x*). 
Iff is a Danford-Petis operator [ 11, then it is strongly continuous. 
We find an interesting study of Danford-Petis operators in the paper 
Cll. 
We suppose now that the Hilbert space E is ordered by the closed con- 
vex cone Kc E and consider the following nonlinear complementarity 
problem: 
x E K, f(x) E K*, (x, f(x) > = 0 
where 
f(x) =x-AL(x) + T(x) 1 
i 
(N.C.P.) 
hR+\(O};L, T:E+E, 
L being a linear operator and T a nonlinear operator. 
The problem (N.C.P.) contains as a particular case the mathematical 
model used in the study of the post-critical equilibrium state of a thin plate 
resting, without friction, on a flat rigid support. 
In this case, L is a self-adjoint compact linear operator which expresses 
in the case of homogeneous and isotropic material the nature of the charge 
and T is a nonlinear compact operator. Also in this case, T is a 
homogeneous (of degree three) operator verifying the property: (Vx E K) 
((T(x), x> >O). 
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The number ;1 E R, is exactly the intensity of the lateral charge and 
Kc E is the convex cone of vertical deflections. 
This model is used in the study of the critical charge and also in the 
study of the post-critical equilibrium state. 
We note also that, if we have in this model 
sup (L(x),x)=l>() 
xeK llxl12 P 
then the number p is exactly the positive critical charge. 
Certainly, we obtain an interesting study of the number l/p using the 
paper [ 171. 
3 
Let (E, ( . , . ) ) be a Hilbert space and let KC E be a closed convex cone. 
We consider the problem (N.C.P.) and suppose that {K,},,, is a 
Galerkin approximation of the cone K. 
The following condition is called the generalized Karamardian condition: 
For any n E N there exists a compact convex set D, c K,, 
such that for every x E K,\ D, there exists y E D, (G.K.) 
such that (f(x), x - y ) > 0. 
PROPOSITION 1. Suppose that (T(x), x) > 0 for all x G q(O) and 
sup (L(x),x)=l>() 
xcK lIxl12 P ’ 
Zf x* is a solution of the problem (N.C.P.) and 1 E [0, p] then x* = 0. 
Proof: If x* is a solution of the problem (N.C.P.) then, we have 
IIx*l[*-A(L(x*),x*)+(T(x*),x*)=O. 
If we suppose that x* # 0, then the assumption relative to T implies 
IJx*II*-A(L(x*), x*> <o and A #O. 
Hence, we have l/A < l/p, or p < A which is impossible. 
Clearly, A= 0 implies x* = 0. 1 
NONLINEAR COMPLEMENTARITY PROBLEM 567 
In the next results we suppose that 
and p<L. 
sup (L(x)~x)=l>o 
xsK 11412 P 
THEOREM 1. Let (E, (., . )) b e a Hilbert space ordered by the closed 
convex cone Kc E and let {K,,} ,, E N be a Galerkin approximation of the cone 
K. Suppose the following assumptions: 
(ir) L and Tare strongly continuous, 
(iz) the mapping x -+ (x, f(x)) from K into R is a lower semi-con- 
tinuous one, 
(i3) the condition (G.K.) is verified with an equibounded family 
{Dnkw 
Then the problem (N.C.P.) has a solution. 
Proof Allen’s theorem assumptions [2] are verified for f with respect 
to each cone K, (nE N) and hence, for every nEN there exists a solution 
u, E K,, for the following variational inequalities: 
(x, - Wx,) + T(x,), z, -x, > 2 0; 
(This inequality is considered on the cone K,.) 
We denote that for every nEN, U,E D, [2]. 
Hence, we have 
Setting z, = 242 and z, = 224, in (1) we see that 
Vz, E K,,. 
VZ,E K,,. (1) 
IIu,ll’-n(L(u,),u,)+(T(u,),u,)=O. (2) 
The assumption (is) implies that the sequence {u,>,, N is bounded and 
because E is a Hilbert space there exists a subsequence {u,~}~~ N of the 
sequence WnEN weakly convergent o an element u* E E. 
But, without loss of generality, we can suppose that (u,},, N is weakly 
convergent o u* and we write u* = (w) - lim, _ m u,. 
(a) The Sequence {u,},,,,, Is Strongly Convergent to u* 
Indeed, since E is a Hilbert space and U* = (w) - lim, _ a, u,, then to 
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prove that { u,}~, N is strongly convergent o U* it is sufficient o prove that 
lim, j m IIU,II = IIU*II ~231. 
At first, we notice the following property of inner product: 
(x*= lim x,)&k (y*=(w)- lim y,)* (x*, y*) = lim (x,, y,). (3) 
n-rm ,1 * cc n-cc 
Indeed, 
(&I> v,> = <%I - x*7 Yn - .Y* > + <x*, Y,> + <x,, Y* > - <x*9 y* >, 
and 
(.% Y,)-(x*, y*>= (x,--x*> Yn-Y*)+ cx*> Yn> 
+(x,, v*>-2<x*, y*>, 
which implies 
I(Xn,yn)-(X*,Y*)161(x,-x*,~n-y*)l 
+ I <x*2 Y, > + (x,, Y* > - xx*, Y* >I 
and hence, 
I(-% Y,)- <x*, y*)l n-‘x + 0. 
We will prove now that 
lim ~lu,~12=Iz(L(~*)-T(~*),u*). (4) n-m 
Since L and T are strongly continuous and u* = (w) - lim, _ m U, we can 
suppose that L(u*) = lim,, m L(u,) and T(u*) = lim,, o. T(u,). 
From formula (2), using property (3), we obtain formula (4). 
Hence, we see that the sequence { 11 u,Il JnE N is a convergent sequence and 
since U* = (w) - lim, _ o. u, implies 
j(u*(( < lim inf ((u,(( c231 (5) n-m 
we have 
llu*ll Q lim Il~,ll. n-m 
Therefore, it is sufficient o prove that 
(6) 
(7) Ilu*ll> lim Ibnll~ n-m 
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Indeed, denoting 
fi, = Proj,, u*; VnEN 
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and setting z, = (1 - l/n) u, + (l/n)(n . ii,,) in formula (1) we obtain 
u,-IL(u,)+ T(u,), - L,+ti, VnEN. 
n 
From the last formula we have 
which implies, using property (3) and property (4) of G&kin 
approximation, 
Ilu*I12-;1(L(u*), u*)+ (T(u*), u”)>O. (8) 
Now, relation (7) is a consequence of relations (4) and (8). 
Hence, (Iu* 11 = lim, _ o. II u,II and finally we have u* = lim, _ o. u,. 
(b) The Element u* Is a Solution of the Problem (N.C.P.) 
Since for every n E N, K,, c K and K is a closed convex cone, we have 
u*EK. 
Let z E K be an arbitrary element; setting 
z, = Proj ,&), (9) 
we observe that {z,,- u,,},,,~ is a strongly convergent sequence and 
z-u*=lim n+m(z,-U”). 
Setting z, = Proj,,(z) in relation (1) we have 
(u, - Uu,) + T(u,), Proj,&) - u,> 3 0; QnEN 
and computing the limit we obtain 
(u*-AL(u*)+T(u*),z-u*)aO; VZEK. 
Again, from Allen’s result [2] we obtain 
U”EK, f(u*)EK*, <u*,f(u*)>=o 
and the theorem is proved. 1 
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Remark. Some minor modifications in the proof of Theorem 1 imply 
that Theorem 1 is true also if L and Tare completely continuous operators. 
In this case, assumption (iz) is automatically satisfied. 
The following result implies the condition (G.K.) for all Galerkin 
approximations of the cone K. 
The operator T: E--f E is called a K-coercive operator if 
lim <WA= +oo 
Il.4 - m 
x6 K 
llxl12 . 
We have this property, for example, in the following cases: 
&,I (~~>O~)(~~~>~)(V’~EK)((T(X),X)B~ Ilxllpo)~ 
(k2) there exists a function p: R, -+ R, such that lim,,, p(r) = 
+co and 
PROPOSITION 2. If T is a K-coercive operator then, for the problem 
(N.C.P.), the condition (G.K.) is verified relative to all Galerkin 
approximations {K,, } n E N of the cone K. 
Proof: Since T is a K-coercive operator, then there exists r,, > 0 such 
that for all XE K verifying llxll > r,, we have 
U’W>>~~ 1 >. 
II 
IIXII‘ P 
and finally, 
,.(T(x),x)>~>~(L(x),x). 
llxl12 P’ llxl12 ’ 
From the last formula we have 
(x,x)--(L(x),x)+(T(x),x)>O; 
or 
(Vx E KM II-d > rd. 
0’~ E KM llxll > ro) 
If WnLv is a Galerkin approximation of the cone K, then denoting 
D, = B(0, rO) n K,, we obtain that the condition (G.K.) is verified with y = 0 
for every x E K,\D,. 1 
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COROLLARY. Zf { Kn}ncN is a Galerkin approximation of the closed con- 
vex cone KC E and the following assumptions are satisfied 
(i , ) L and T are strongly continuous, 
(i2) the function x -+ (x, f(x)) from K into R is a lower semi-con- 
tinuous one, 
(i3) T is a K-coercive operator, 
then the problem (N.C.P.) has a solution. 
Proof This result is a consequence of Proposition 2 and Theorem 1 
because the assumption (G.K.) is verified with an equibounded family 
{RLv- 
The coercivity assumption relative to T can be used to obtain a nonnull 
solution of the problem (N.C.P.). 
THEOREM 2. rf {Kn}n.N is a Galerkin approximation of the closed con- 
vex cone KC E and the following assumptions are satisfied: 
(iI) L and T are strongly continuous, 
(iz) the function x + (x, f(x)) from K into R is a lower semi-con- 
tinuous one, 
(i3) T is a K-coercive operator, 
(i4) the condition (G.K.) is satisfied with a family {Dn}ncN such that 
(3r* > O)(Vn E N)(Vx E D,)( llxll 2 r*), 
then the problem (N.C.P.) has a nonnull solution, 
Proof As in the proof of Theorem 1 using Allen’s result [2] we have 
that for every n E N there exists u, E D, c K,, such that 
(u, - Uu,) + T(u,), z,, - u, > 3 0; Qz, E K,, 
and consequently, 
II~,ll*-W&r)> u, + <T(u,), u,>=O; VnoN. (1) 
From assumption (i4) we have that u, # 0 for all n E N. 
Since 
sup (L(x),x)=l>() 
XPK 11412 P 
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and 1” > p then from formula (1) we obtain 
and finally, {u,},,,,, is a bounded sequence. 
Indeed, if we assume that {u, }n E N is not a bounded sequence, then we 
can suppose that ilunll +‘+ m co and using formula (2) we obtain that T is 
not a K-coercive operator, which is impossible. 
Thus, we have that {u,},,~ is a bounded sequence and as in the proof of 
Theorem 1 we obtain that the problem (N.C.P.) has a solution u*. Clearly, 
assumption (i4) implies that U* # 0. 1 
The following concept was defined and used by Karamardian in R” [14] 
but we show now that Galerkin approximation permits the utilization of 
this concept in Hilbert spaces. 
DEFINITION. f: K -+ E is said to be a strongfy K-copositive operator if 
there exists a number m >O such that for all XE K, (x, f(x) -f(O)) > 
m llxl12. 
Remarks. (1) Iff: K -+ E is a strongly K-monotone operator, that is, if 
there exists m > 0 such that (Vx, y E K)( y <k x)( (x - y, f(x) -f(y)) B 
m [Ix - yll 2), then f is a strongly K-copositive operator. 
(2) Clearly if f(0) = 0 then x = 0 is a solution of the problem 
(N.C.P.). 
THEOREM 3. Consider the problem (N.C.P.) and suppose that {K,,}, E N is 
a Galerkin approximation of the closed convex cone Kc E. 
If the following assumptions are satisfied: 
(ii) L and Tare strongly continuous, 
(iZ) the function x+ (x, f(x)) from K into R is a lower semi-con- 
tinuous one, 
(i3) f is a strongly K-copositive operator and f (0) # 0, then the problem 
(N.C.P.) has a solution. 
Proof We observe that this result is a consequence of Theorem 1 if we 
prove that the condition (G.K.) is satisfied with an equibounded family 
~~nlne~~ 
Since f is a strongly K-copositive operator then there exists m > 0 such 
that (x,f(x))2(x,f(0))+m~lM2; VXEK. 
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If r,, = 11 f(O)l]/m and D = {x E K 1 l[xll < r,,} then for all x E K\D we have 
m llxl1* > /[XII * IIf(O)ll, which implies 
<x,f(x)) > (-&f(O)) + llxll * IIf(o)ll~o~ Vx E K\D. 
Thus, setting D, = D n K,, for all n E N we observe that the condition 
(G.K.) is satisfied with y = 0 for all XE K,,\D, and further, the family 
P’nLv is an equibounded family. 1 
COROLLARY. With assumptions (i1) and (i2) of Theorem 3, if: 
(ii) T is a strongly K-copositive (or strongly K-monotone) operator, 
(ii) 1<(1 +m).p andf(O)#O, 
then the problem (N.C.P.) has a solution. 
Proof: Since 
(x,f(x)-f(O)) = (x,x-AL(x)+ T(x)- T(O)) 
= (x, x> -1(x, L(x)) + (x, T(x) - T(O)) 
‘3 llxl[*-i Ilxli2+m llx/l*= 1 -;+m ~~x~~*; ( * ) VXEK 
we have that f is a strongly K-copositive operator and the corollary is a 
consequence of Theorem 3. 
Observations. (1) In the case of homogeneous and anisotropic thin 
elastic plates, the operators L and T satisfy some special assumptions [9] 
and hence in this case, for all n E N, the solution U, of the problem (N.C.P.) 
with respect to the cone K, can be computed by a variational method. 
Also, in this case [9] T is a coercive operator, but only on a subset of the 
cone K which contains the solutions u, of the problem (N.C.P.) relative to 
Kn. 
(2) We obtain also some new existence results for the problem 
(N.C.P.), substituting the condition (G.K.) by Theorem 4 proved by 
Takahashi in [21] or by Theorem 2.7 proved by More in [18]. 
(3) The method proposed by BakuSinskii n [3] can be used to com- 
pute the solutions U, of the problem (N.C.P.) relative to K,,. 
(4) Finally, it is interesting to know if the Galerkin method can be 
used to study the implicit nonlinear complementarity problem studied in 
c71. 
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